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Fault Identi� cation Using Pseudomodal Energies
and Modal Properties
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The pseudomodal energy, de� ned as the integrals of the real and imaginary components of the frequency-
response functions over various frequency ranges, is proposed for fault identi� cation in structures. Equations that
formulate pseudomodal energies in the modal domain and their respective sensitivities are derived in receptance
and inertance form. When tested on a simulated cantilevered beam, pseudomodal energies are found to be more
resistant to noise in the data than the mode shapes and are able to take into account the out-of-frequency-band
modes and to be better indicators of faults than the modal properties. Furthermore, they are more sensitive to
faults than the natural frequencies and are equally as sensitive to faults as the mode shapes. The pseudomodal
energies are computationally faster to calculate than the modal properties. When tested on a population of 20 steel
cylinders, the pseudomodal energies are, on average, better indicators of faults than the modal properties.

Nomenclature
aq = lower frequency bound for the qth

pseudomodal energy
bq = upper frequency bound for the qth

pseudomodal energy
[C] = damping matrix
fFg = force input vector
gp = changes in the pth structural parameter
Hkl = frequency-responsefunction due to excitation

at k and measurement at l
j =

p
¡1

[K ] = stiffness matrix
[M ] = mass matrix
X; X 0; X 00 = displacement,velocity, and acceleration
Nx = mean of data
f0g = null vector
³i = i th damping ratio
¾ = standard deviation
fÁgi ; f NÁgi = i th mode shape and complex mode shape vector
!; !i ; N!i = frequency, i th natural frequency, and i th complex

natural frequency

Subscripts

i; j; k; = indices
l ; p; q
T = transpose

Superscript

N = number of measured degrees of freedom or modes

I. Introduction

V IBRATION data have been employed with varying degrees of
success to identify damage in structures.1;2 In this paper, a pa-

rameter called pseudomodalenergy, which is de� ned as the integral
of the frequency-response function (FRF) over various frequency
bandwidths, is introduced for fault identi� cation in structures. In
this paper, it is demonstrated that making a thorough study of this
parameter offers some insight into how potentiallyeffective this pa-
rameter could be of use for fault identi� cation in structures. The
analytical expressionsde� ning the pseudomodal energies in recep-
tance and inertance forms are calculated as functions of the modal
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properties for the case where damping is low. The expressions de-
scribingthe sensitivitiesof thepseudomodalenergieswith respectto
any structuralmodi� cation are derived.The applicationof the pseu-
domodalenergiesfor damage identi� cation is studiedby comparing
the sensitivities of these parameters to those of modal properties.

Monte Carlo simulation3 is applied to a simulated cantilevered
beam (by randomly varying the cross-sectionalareas at various po-
sitions in the beam) to compare the pseudomodal energies to the
modal properties. When such a comparison is made, the sensitiv-
ities of these parameters to noise and faults are investigated. The
issues on how to choose frequency bandwidths for calculating the
pseudomodal energies are discussed in qualitative terms and sug-
gestions on how to optimize the choice of these bandwidths are
addressed.Faults are introduced to the cantileveredbeam by reduc-
ing the cross-sectionalarea of one of the elements of the beam.

Vibration data from a population of 20 seam-welded cylindrical
shells made of steel are measured by exciting the cylinders at var-
ious locations using an impulse hammer and measuring vibration
responses using an accelerometer located at a � xed position. Each
cylinder is divided into three equal substructures, and holes of 10–

15 mm are introduced near the centers of each substructure. The
modal properties and pseudomodal energies between the undam-
aged and damaged populations are compared.

II. Modal Properties
Before the pseudomodal energy is introduced, the modal prop-

erties, which have been used extensively in fault identi� cation in
mechanical systems, are reviewed.1 Any elastic structure may be
expressed in terms of mass, damping, and stiffness matrices in the
time domain by the following expression:

[M]fX 00g C [C]fX 0g C [K ]gfX g D fFg (1)

If Eq. (1) is transformedinto themodaldomain to formaneigenvalue
equation for the i th mode, then4

N!2
i [M ] C j!i [C] C [K ] f NÁgi D f0g (2)

Fox and Kapoor5 derived the sensitivities of the modal properties
(for undamped case) to be

!i; p D .1=2!i / fÁgT
i [K ]; p ¡ !2

i [M ];p fÁgi (3)

fÁgi;p D
N

r D lIr 6D i

fÁgr fÁgT
r

!2
i ¡ !2

r

[K ];p ¡ !2
i [M];p fÁgi

¡1
2

fÁgi fÁgT
i [M ];pfÁgi (4)
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In Eqs. (3) and (4), !i;p D @f!gi=@gp; fÁgi;p D @fÁgi=@gp; [K ];p D
@[K ]=@gp ; [M ];p D @[M]=@gp , and gp represents changes in the
pth structural parameters.

The introduction of damage in structures changes the mass and
stiffness matrices. Equations (3) and (4) show that changes in the
mass and stiffness matrices cause changes in the modal properties
of the structure. Now that the modal properties and their respec-
tive sensitivitieshave been reviewed the next section introduces the
pseudomodal energies and their respective sensitivities.

III. Pseudomodal Energies
The pseudomodal energies are de� ned as the integrals of the

real and imaginary components of the FRFs over various frequency
ranges that bracket the natural frequencies. The FRFs may be ex-
pressedin receptanceand inertanceform.4 Receptanceexpressionof
the FRF is de� ned as the ratio of the Fourier-transformeddisplace-
ment to the Fourier-transformed force. The inertance expression
of the FRF is de� ned as the ratio of the Fourier-transformed ac-
celeration to the Fourier-transformed force. This section expresses
pseudomodal energies in terms of receptance and inertance forms
in the same way as the FRFs are expressed in these forms. The de-
tailed derivations of equations de� ning the pseudomodal energies
and their derivatives are shown in the Appendix.

A. Receptance and Inertance Pseudomodal Energies
The FRFs may be expressed in terms of the modal properties by

using the modal summation equation.4 From the FRFs expressedas
a function of the modal properties, the pseudomodal energies may
be calculated as a function of the modal properties. The reason for
calculating the pseudomodal energies as a function of the modal
properties is so that the capabilities of the pseudomodal energies
to identify faults could be inferred from those of the modal prop-
erties. The receptancepseudomodal energy (RME) is calculatedby
integrating the receptanceFRF expressed as functions of the modal
properties by using the modal summation equation4 as follows:

RMEq
kl D

bq

aq

N

i D 1

Ái
kÁ

i
l

¡!2 C 2³i !i ! j C !2
i

d! (5)

In Eq. (5), aq and bq are the lower and the upper frequencybounds,
respectively, for the q th pseudomodal energy calculated from the
FRF due to excitationat k andmeasurementat l, and³ is thedamping
ratio.The lower and upper frequencyboundsbracket the q th natural

RMEq
kl ;p ¼

N

i D l

j

!i
Ái

k;pÁi
l C Ái

k Ái
1;p ¡

1

!2
i

jÁi
k Ái

l !i;p arctan
¡³i !i ¡ j bq

!i
¡ arctan

¡³i !i ¡ jaq

!i

C
jÁi

kÁ
i
1

!i

jbq!i;p

!2
i C .³i !i C jbq/2

¡
jaq!i;p

!2
i C .³i !i C jaq /2

(9)

frequency. When light damping .³ j ¿ 1/ is assumed, Eq. (5) is
solved as shown in the Appendix to give6

RMEq
kl D

N

i D l

Ái
k Ái

l j

!i
arctan

¡³i !i ¡ jbq

!i

¡ arctan
¡³i !i ¡ jaq

!i

(6)

The most commonlyused techniquesto measurevibrationdata mea-
sure the accelerationresponse instead of the displacementresponse.
In such cases, it is better to calculate the inertance pseudomodalen-
ergies (IMEs) as opposed to the RMEs calculated in Eq. (6).

The IME is derivedby integratingthe inertanceFRF written in terms
of the modal properties by using the modal summation equation as
follows:

IMEq
kl D

bq

aq

N

i D l

¡!2Ái
kÁ

i
l

¡!2 C 2³i !i !j C !2
i

d! (7)

When it is assumed that damping is low, Eq. (7), as demonstrated
in the Appendix, becomes6

IMEq
kl ¼

N

i D l

Ái
kÁ

i
l .bq ¡ aq/ ¡ !i Á

i
k Ái

l j arctan
¡³i !i ¡ jbq

!i

¡ arctan
¡³i !i ¡ jaq

!i

(8)

Equation (8) shows that the IME may be expressed as a function
of the modal properties.The IMEs may be calculated directly from
the FRFs using any numerical integration scheme without having
to go through the process of modal extraction and using Eq. (8).
The advantagesof using the IMEs as opposed to using the identi� ed
modalpropertiesare1) all of themodes in the structureare takeninto
account as opposed to using the modal properties,which are limited
by the number of modes identi� ed, and 2) integrating the FRFs to
obtain the pseudomodalenergies smoothes out the zero-mean noise
present in the FRFs.

In this section the pseudomodal energies have been mathemati-
cally derived (see the Appendix). The next step is to calculate their
sensitivities to structural changes the same way Fox and Kapoor5

calculated the sensitivities of the modal properties with respect to
parameter changes.

B. Sensitivities of Pseudomodal Energies
In this section, the sensitivityof pseudomodalenergies to param-

eter changes is assessed. This gives some insights into how these
parameterswould be affectedby the presenceof faults in structures.
Because the pseudomodal energies have been derived as functions
of the modal properties, these sensitivities will also be calculated
as functions of the sensitivities of modal properties. The sensitiv-
ity of the RMEs are determined by calculating the derivative of
Eq. (6) with respectto the pth structuralchangeto give the following
expression:

Equation (9) is obtained by assuming that @³q=@gq D 0 and that
³ 2

q ¼ 0. In this study, faults are introduced by reducing the cross-
sectional area of the beam and by drilling holes in structures. Intro-
ducing faults this way has been found not to change the damping
properties of the structure, thereby justifying the assumption that
damping was independentof faults, which is used to derive Eq. (9).
Equation (9) shows that the sensitivity of the RME is a function of
the natural frequencies, the damping ratios, the mode shapes, and
the derivatives of the natural frequencies and mode shapes. Sub-
stituting Eqs. (3) and (4) into Eq. (9) gives the sensitivity of the
pseudomodal energies in terms of the mass and stiffness matrices,
which are directly related to the physicalpropertiesof the structure.

The derivativeof the IME [Eq. (8)] with respect to the pth param-
eter changes may be written as follows, as derived in the Appendix:
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IMEq
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(10)

Equations(9) and (10)havebeenderivedin the Appendix.Similarly,
Eq. (10)may beexpressedin termsof themass and stiffnessmatrices
by substituting Eqs. (3) and (4) into Eq. (10).

In this section, the RMEs and IME have been derived (see the
Appendix), and their respective sensitivities have been calculated.
It is shown how theseparametersare related to the modal properties,
mass, andstiffnessmatrices.The sensitivitiesof theRMEs and IMEs
are foundto dependon the sensitivitiesof themodalproperties.From
here onward pseudomodal energy will be used mainly to describe
the IME.

When Eqs. (6) and (8) are analyzed, it is observed that, if the
frequency bandwidth is too narrow, the pseudomodal energies are
dominated by the behavior of the peaks of the FRFs. This is un-
desirable because, near the peaks, factors such as damping ratios,
which show high degrees of uncertainty,dominate the dynamics of
the pseudomodal energies. If the bandwidth is too wide, the in� u-
ence of the antiresonances,which are sensitive to noise, dominates.
The optimal way is to choose the bandwidth that is suf� ciently nar-
row to capture the characteristics of the peaks but adequately wide
(not to the extent of including the antiresonances) to smooth out the
zero-mean noise in the FRFs.

Equations(6) and (8–10) show that the pseudomodalenergiesde-
pendon the modalpropertiesand the frequencybounds.This implies
that as long as the FRF information contains the modal properties,
then it does not matter how many frequency points are included in
the calculationof the pseudomodalenergies.Note that thenumberof
frequency points is a separate issue from the frequencybandwidth.
On calculating the pseudomodal energies, the smallest number of
frequency points must be used, and this minimizes the errors in the
FRFs that are propagated into the pseudomodal energies. In other
words, for a given frequencybandwidth for calculating the pseudo-
modal energies, increasing the number of frequency points in the
bandwidth beyond a certain threshold does not necessarily add any
additional information about the dynamics of the system. Note that
the dynamicsof the system is the source of informationthat indicate
the presence or the absence of faults.

Now that expressions for the pseudomodal energies and their re-
spective sensitivities have been derived, as shown in the Appendix,
the next objective is to verify these equations.This is done by com-
paring their sensitivities with respect to the presence of faults in
structurescalculateddirectlyfrom theFRFs to thosecalculatedfrom
the modal properties.

IV. Example 1: Cantilevered Beam
A simulated aluminum beam, which is studied in this section,

is shown in Fig. 1. A � nite element model with nine Euler-beam
elements is obtained by using the Structural Dynamics Toolbox,7

which runs in MATLAB®.8 The � rst � ve natural frequencies were
calculated using a � nite element model and are 31.4, 197.1, 551.8,

Fig. 1 Cantilevered beam modeled with nine Euler beam elements.

1081.4, and 1787.6 Hz. The FRFs were calculated from the � nite
element model, then transformed into the time domain, where the
data were contaminatedwith noise, then transformedback to the fre-
quency domain, and then the modal properties were extracted.The
FRFs were calculated from the � nite element model by following
this procedure:

1) Use the � nite element model to calculate the � rst 18 modal
properties.

2)Assume thedampingratiosof0.001,anduse themodal summa-
tion equation4 to generate the FRFs of frequencybandwidth[0.8545
7000] Hz. (The size of the FRFs is 8192.)

3) Generate the mirror image of the FRFs centeredon 0 Hz. (New
frequency bandwidth is [¡7000 7000] Hz.)

4) On the FRFs generated in step 3, perform the inverse fast
Fourier transform9 to obtain the impulse response function (of size
16,384).

5) Add uniform noise levels (§0; §1; §2; §3; and §4%) to the
impulse response data.

6) Perform the fast Fourier transform to the impulse response
function to obtain the FRFs (of size 8192).

From the FRFs calculated in step 6, the modal properties were
extracted as follows:

1) Choose the frequency bandwidth for mode extraction ([17
1880] Hz).

2)Obtain the initialestimatesof thenaturalfrequenciesanddamp-
ing ratios. It was assumed that the natural frequenciesand damping
ratios were known. (The natural frequencies were taken from the
� nite element model and damping ratios were set to be 0.001.)

3) Use the natural frequencies and damping ratios in step 2 to
calculate the mode shapes.

Variousfaultcaseswere simulatedby reducingthecross-sectional
area of element 8 (Fig. 1) by 5, 10, and 15%. For each fault case and
the undamaged case, the FRFs were generated. From these FRFs,
the modal properties were extracted as described in the preceding
paragraph, and the pseudomodal energies were calculated by inte-
gratingover theFRFs usingthe trapezoidalrule technique.When the
pseudomodal energies were calculated, the following bandwidths
were chosen to bracket the natural frequenciesof the beam: 18–44,
155–240, 484–620, 1014–1151, and 1726–1863 Hz.

Monte Carlo simulation with 1000 samples was performed by
choosing a fault case and noise level and then varying the cross-
sectionalarea of all nine elements by 1% Gaussian noise. The same
procedure was performed when element 8 was reduced by 5, 10,
and 15%. In other words, the abilities of the modal properties and
pseudomodal energies to detect faults of 5, 10, and 15% reduction
in cross-sectional area of element 8 (Fig. 1) were assessed despite
the presence of §1% perturbations in cross-sectional areas of all
nine elements.

The sensitivities of the pseudomodal energies and modal prop-
erties to damage were investigated in the presence of various noise
levelsbyusingthe statisticaloverlapfactor(SOF). The SOF between
two distributions is de� ned as the ratio of the distance between the
averages of the two distributions to the mean of the two standard
deviations. The SOF may be written mathematically as follows:

SOF D
Nx1 ¡ Nx2

.¾1 C ¾2/=2
(11)

where Nx1 and Nx2 are the means of distributions and ¾1 and ¾2 are
their respective standard deviations.

The SOF was inspired by the modal overlap factor, which is
widely used in modal analysis to assess the degree of modal overlap
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between two modes.10 The higher the SOF, the better is the de-
gree of separation between the two distributions. The in� uence of
noise on the pseudomodal energies and modal properties, as well
as the effect of excluding high-frequencymodes when identifying
these parameters, was investigated.

V. Example 1: Results and Discussion
A. Con� rmation of Equations (8) and (10)

This section veri� es the accuracy of Eqs. (8) and (10). To ver-
ify the accuracy of Eq. (8), the pseudomodal energies were calcu-
lated from this equation (using the modal properties extracted from
the FRFs) and from numerical integration of the FRFs. Note that
the FRFs used in this section were not contaminatedwith noise.The
results of the real and imaginary parts of the pseudomodal energies
are shown in Fig. 2. These graphs show that the real and imaginary
parts of the pseudomodal energies from Eq. (8) are close to those
from numerical integration.The absolute percentagedifferencesof
the real part of pseudomodal energies shown in Fig. 2 is 8% for the
� rst mode, 1% for the second mode, 0% for the third mode, 3% for
the fourth mode, and 30% for the � fth mode. The imaginary part
shows the absolute percentage differences of 4% for the � rst mode
and 0% for the second–� fth mode. The reason for the inaccuracy
on the � fth and the � rst modes for the real and imaginary parts of
the pseudomodal energies, respectively, is because of their relative
small magnitudes, making them susceptible to numerical errors.

Likewise, to con� rm the accuracy of Eq. (10), the sensitivities
of the pseudomodal energies obtained from using Eq. (10) were
compared to those from numerical integrationof the FRFs, and the
results are shown in Fig. 3. Figure 3 shows that the two procedures
give similar results of the real and imaginary parts of these sen-
sitivities. The percentage differences between the real part of the
sensitivitiesof the pseudomodal energies are approximately0% for
all modes. For the imaginary part, the difference is approximately
0% for the � rst three modes as well as 2 and 4% for the fourth
and � fth modes. The reason why some modes have higher differ-
ences than others is because of the numerical errors encountered
when calculating the sensitivities of the pseudomodal energies. In
this section, Eqs. (8) and (10) were proven to give results similar to
those obtained through direct integration of the FRFs.

Fig. 2 Real and imaginaryparts of the pseudomodalenergies obtained
using direct integrationof the FRF and calculated from the modalprop-
erties using Eq. (8). (The FRF is noise free.)

Fig. 3 Real and imaginaryparts of the sensitivities of the pseudomodal
energies due to 1% reduction in cross-sectional area of element 8, cal-
culated from direct integration of the FRF and from Eq. (10). (The FRF
is noise free.)

Fig. 4 Magnitudes of the FRFs obtained using the time-domain data
contaminated with §§ 0, §§ 1, §§ 2, and §§ 3% noise.

B. In� uence of Noise on the Pseudomodal Energies
and Modal Properties

One issue that is important in fault identi� cation is that the in-
evitable presence of noise in the data must be such that the effects
are less in� uential than those of faults. It has been observed in the
literature1 that, for some fault types, the changes in the modal prop-
erties due to faults are more visible than the variations in measured
data due to noise. This makes the modal properties viable data for
fault identi� cation. The modal properties and pseudomodal ener-
gies before damage were calculatedwith various noise levels added
to the time-domain data. Figure 4 shows the sample FRF with var-
ious noise levels added to the time-domain data. Figure 4 shows
that the effects of noise on the FRFs are mostly observable in the
antiresonances.

The other issue to be resolvedwas to assess the effect of the pres-
ence of noise in the data on the modal properties and pseudomodal
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Fig. 5 SOFs for undamaged cases between 0% noise and various noise levels for the natural frequencies, mode shapes, and imaginary and real parts
of the pseudomodal energies: M, 1% noise; +, 2% noise; £ £ 3% noise; and ¤, 4% noise.

energies. To achieve this goal, Monte Carlo simulation was per-
formed by running the � nite element model 1000 times and each
time introducing noise in the vibration data. From these data, the
modal properties and pseudomodal energies were calculated. The
noise levels added to the vibrationdata were 1– 4% Gaussian noise.

The SOFs between the distributionof the Monte Carlo simulated
data with zero noise added and those from the data simulated with
1–4% noise added are shown in Fig. 5. Figure 5 shows that the pseu-
domodal energies are, on average, about � ve times more resistant to
noise than the mode shapes.Natural frequenciesare found to be the
most resistant to noise than the other three parameters. It is noted
later that the natural frequencies are not only resistant to noise as
demonstratedin Fig. 5 but are also insensitive to faults (Fig. 6). The
pseudomodal energies are more resistant to noise than the mode
shapes because 1) performing numerical integration on the FRFs
to obtain the pseudomodal energies smoothes out the zero-mean
noise and 2) the optimization nature of modal analysis introduces
additional uncertainties. In addition, modal properties show high
susceptibility to noise because of the inclusion of mode 1, which
is noisier than other modes (Fig. 4). The issue mentioned in step 2
illustrates the main limitationof modal analysiswhere the inclusion
of a mode with high noise level compromises the identi� cation of
other modes.7

In this section, the pseudomodal energies were found to be, on
average, more resistant to noise than the mode shapes. The natural
frequencies are found to be more resistant to noise than the other
three parameters. Their resistance to noise on the measured data is
one of the essential requirements in fault identi� cation even though
it is not a suf� cient condition for successful fault identi� cation in
structures. The most essential feature is the sensitivity of faults to
parameter changes, which is the subject of the next section.

C. Changes in the Pseudomodal Energies and Modal Properties
due to Damage

In this section, the pseudomodal energies are compared to the
modal properties using data simulated from the cantilevered beam.
It was demonstrated in Eq. (10) that the sensitivity of the pseu-
domodal energies are functions of the sensitivities of the modal

properties, implying that these parameters are not necessarily inde-
pendent.The cross-sectionalarea of element 8 in Fig. 1 was reduced
by 0, 5, 10, and 15%. In the presence of these reductions of cross-
sectionalarea of element8, Monte Carlo simulationwith 1000 sam-
ples was performed by perturbing the cross-sectional area of all of
the elements by 1% Gaussian noise.

The four distributions of the pseudomodal energies and modal
properties from Monte Carlo simulation were used to calculate the
SOFs between0 and 5%, 0 and 10%,as well as 0 and15% reductions
in cross-sectional areas. The results are shown in Fig. 6. Figure 6
shows that the pseudomodal energies and mode shapes show sen-
sitivity to faults. When Fig. 5 is compared to Fig. 6, it is observed
that that the pseudomodal energies about equally indicate faults as
the mode shapes. However, the pseudomodal energies are more re-
sistant to noise than the mode shapes. The natural frequencies are
found to be less sensitive to faults than the other three parameters.
Figure 6 also shows that, on average, the more severe the faults are,
the higher the SOFs.

The sample distributions of the modal properties and pseudo-
modal energiesused to calculatetheSOFs shown in Fig. 6 are shown
in Fig. 7. Figure 7 indicatesthat the reduction in cross-sectionalarea
of element 8 does not change the natural frequencies signi� cantly
enough to show separatedistributions.Figure 7 shows that the mode
shapes, as well as the real and imaginary parts of the IMEs, show
four differentdistributions,which indicates that these fault cases are
separable. The distributions of the imaginary part of the IMEs for
various fault cases are the most separable followed by that of the
real part of the IMEs, then the mode shapes, and � nally the natural
frequencies.

The mode shapes and pseudomodal energies correspond to
mode 4 and coordinate corresponding to node 3. Note that in real
measurements natural frequencies are measured to the accuracy of
1 Hz and mode shapes to the accuracy of 10% (Ref. 11). Therefore,
the natural frequency shown in Fig. 7 will not be able to diagnose
even 15% reduction in cross-sectionalarea of element 8. However,
Fig. 7 is shown to highlight the differences in the distributions be-
tween various types of data. This section has demonstrated that the
pseudomodal energies are, on average, better indicators of faults
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Fig. 6 SOFs between 0% reduction and various reductions (5, 10, and 15%) in cross-sectional area of element 8 for the natural frequencies, mode
shapes, and imaginary and real part of the pseudomodal energies due to damage: M, 5% reduction; +, 10% reduction; and £ £ , 15% reduction.

Fig. 7 Distributions of the � rst natural frequencies, the mode shape coordinate, and the imaginary and real parts of the pseudomodal energies for
various reductions in cross-sectional area of element 8.
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Fig. 8 Percentage differences between the mode shapes and pseudo-
modal energies identi� ed from the FRFs calculated using the � rst 5–17
modes and from the � rst 18 modes: ¨, real part of IMEs; ¥, imaginary
part of the IMEs; and ¥, mode shapes.

than the natural frequencies and are equally as good indicators of
faults as the mode shapes.

D. Effects of Excluding High-Frequency Modes
This section will assess the ability of the pseudomodal energies

andmodalpropertiesto capturethe informationfromthe frequencies
that lie outside the frequency bandwidth of interest. In this paper,
the FRFs were calculated from the modal properties. In physical
structures, the FRFs are constructed from all of the excited modes
in the structure. For a simulated beam used in this paper, construct-
ing FRFs using18 modes representsthe real structure.Becausehigh
modes were required,the � nite elementmodel was remeshedso that
it contained 50 elements. This was done to improve the accuracy
of higher modes. The results showing the effect of excluding high
modes on the identi� cation of pseudomodal energies and modal
properties are shown in Fig. 8. Figure 8 shows the average absolute
percentage difference between data obtained using FRFs that were
calculatedusing the � rst 18 modes and those obtainedusing the � rst
5–17 modes. The natural frequencies are not shown here because
they are not sensitive to the inclusion of higher modes. Figure 8
shows that the exclusion of higher modes does not affect the identi-
� ed mode shapes and imaginaryparts of the pseudomodalenergies.
However, the real parts of the pseudomodal energies are found to
be sensitive to the exclusion of high modes.

VI. Example 2: Experimental Procedure
The proposed pseudomodal energies are compared to the modal

properties using a population of cylinders, which were supported
by inserting a sponge and rested on a bubble wrap, to simulate a
free–free environment (Fig. 9). The sponge was inserted inside the
cylinders to control boundary conditions.Conventionally,free–free
environment is achieved by suspending a structure. In this paper,
this is avoidedbecause it is relatively less convenient to suspend the
structure (especially a population of structures in an assembly line
settings) compared to just resting it on a bubble wrap.

The impulse hammer test was performed on each of the 20
steel seam-welded cylindrical shells (1:75 § 0:02 mm thickness,
101:86 § 0:29 mm diam, and 101:50 § 0:20 mm height). The im-
pulse was applied at 19 different locations, as indicated in Fig. 9, 9
on theupperhalf of the cylinderand 10on the lower half of the cylin-
der. The maximum sampling rate is set to 10 kHz, which is suf� cient
for the frequencybandwidth of interest, that is 0–5000 Hz. Some of
the problems that were encounteredduring impulse testing included
the dif� cultyof excitingthe structureat an exact position(especially
for an ensemble of structures) and in a repeatable direction. Each

Fig. 9 Cylindrical shell.

cylinder was divided into three equal substructures (indicated by
different shades in Fig. 9), and holes of 10–15 mm were introduced
near the centers of the substructures to simulate faults.

For one cylinder, the � rst type of fault was a zero-fault scenario.
This type of fault was given the identity [0 0 0], indicatingthat there
were no faults in any of the substructures.The second type of fault
was a one-fault scenario, where a hole may be located in any of the
three equal substructures. Three possible one-fault scenarios were
[1 0 0], [0 1 0], and [0 0 1] indicatingone hole in substructures1, 2,
or 3, respectively. The third type of fault was a two-fault scenario,
where one hole was located in two of the three substructures.Three
possible two-fault scenarios were [1 1 0], [1 0 1], and [0 1 1]. The
� nal type of fault was a three-fault scenario, where a hole located
in all three substructures, and the identity of this fault was [1 1 1].
There were eight different typesof fault cases considered(including
[0 0 0]).

Because the zero-fault scenarios and the three-fault scenarios
were overrepresented,12 cylinders were picked at random and ad-
ditional one- and two-fault cases were measured after increasing
the magnitudeof the holes. This was done before the next fault case
was introduced to the cylinders. The reason why only a few fault
cases were selected was because of the limited computational stor-
age space available. For each fault case, acceleration and impulse
measurements were taken. The types of faults that were introduced,
that is, drilled holes, do not in� uence damping signi� cantly.

Each cylinder was measured three times under different bound-
ary conditions by changing the orientation of a rectangular sponge
inserted inside the cylinder. The number of sets of measurements
taken for undamagedpopulationis 60 (20 cylinders£ 3 for different
boundary conditions).

From the measured data, the FRFs are calculated. The fre-
quency spacing of the FRFs is 1.22 Hz. From the FRFs, the modal
properties are extracted using the Structural Dynamic Toolbox,7

and the pseudomodal energies are calculated by using the trape-
zoidal rule. When the pseudomodal energies were calculated, fre-
quency ranges spanning over 6% of the natural frequencies were
chosen. These bandwidths are as follows: 393–418, 418–443,
536–570, 1110–1180, 1183–1254, 1355–1440, 1450–1538, 2146–

2280, 2300–2440, 2250–2401, 2500–2656, 3140–3340, 3350–

3565, 3800–4039, and 4200–4458 Hz.

A. Modal Properties and Pseudomodal Energies
The modal properties and pseudomodal energies were chosen by

employing the following � ve steps:
1) Find the means and the standard deviationsof the modal prop-

erties and pseudomodalenergiesat each index for data from undam-
aged and damaged cylinders, for example, mode 5 coordinate 3 is
assigned its own index number.Here an index is any whole number.

2) Calculate the difference between the means of the data from
undamaged and damaged cylinders at each index.
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3) Calculate the average of the standard deviations from undam-
aged and damaged cylinders while keeping track of the indices.

4) Calculate the SOF, de� ned as the absolute value of the ratio
between the average differences in step 2 to the average standard
deviations in step 3 at each data index.

5) From the SOFs, select 19 indices with the highest ratios and
assess their correspondingdata.

B. Results and Discussion
The SOFs between the data from undamagedand damaged cylin-

ders (only a one-fault case) are shown in Fig. 10. Figure 10 shows
that the SOFs for the pseudomodal energies are higher than that of
the modal properties. This implies that for the pseudomodal ener-
gies it easier to separate the distribution of the data from structures
with a single hole from that of undamaged structure than for the
modal properties.

Figure 11 shows the statistical overlap factors obtained when
comparing the modal properties between various fault cases.
Figure 11 shows that the � rst 19 most reliable and sensitive modal
properties show the statistical overlap factors varying from 0.0073
to 2.5577 with an average of 0.63. Figure 12 is similar to this but
uses the pseudomodalenergies,and the SOFs are found to vary from
0.0243 to 2.286 with an average of 0.91. The observation that the
averageSOF for the pseudomodalenergies is higher than that of the
modal properties implies that the distributions of the pseudomodal
properties for various fault cases are relatively easier to distinguish
than those calculated using the modal properties.

The results shown in Figs. 10–12 are summarized in Table 1.
Table 1 shows that the pseudomodalenergiesare able to separate the
zero-fault case from the one-fault, two-fault, and three-fault cases
better than the modal properties. Furthermore, the pseudomodal
energies are able to separate the one-fault case from the two-fault
case better than the modal properties.The modal propertiesare able
to separate the two-fault case from the three-fault case better than
the pseudomodal energies.

Fig. 10 Graph of SOFs between data from undamaged and damaged
cylinders (one-fault case): N, modal energy, and ¥, modal property.

Fig. 11 Graph of SOFs between the modal properties from the un-
damaged and the damaged cylindrical shells; 0 and 1 (bottom) indicate
the SOFs between the distribution of all of the zero-fault and one-fault
cases over the entire population of cylinders: ¨, 0 and 1; ¥, 0 and 2; N,
0 and 3; £ £ , 1 and 2; , 1 and 3; and ² , 2 and 3.

Table 1 Average statistical overlap factors
between various fault cases

Parameter 0 and 1a 0 and 2 0 and 3 1 and 2 1 and 3 2 and 3

Modal 0.44 0.48 0.96 0.36 0.82 0.70
properties

Pseudomodal 1.01 1.54 1.59 0.48 0.62 0.26
energies

aSOFs between the distribution of zero-fault and one-fault cases.

Fig. 12 Graph of SOFs between the pseudomodal energies from the
undamaged and the damaged cylindrical shells; 0 and 1 (bottom) in-
dicate the SOFs between the distribution of all of the zero-fault and
one-fault cases over the entire population of cylinders: ¨, 0 and 1; ¥, 0
and 2; N, 0 and 3; £ £ , 1 and 2; , 1 and 3; and ² , 2 and 3.

VII. Computational Load
The time taken to compute the mode shapes using the Structural

Dynamics Toolbox7 was 3.19 CPU seconds. (This does not include
the time takento obtainthe � rst estimatesof thenaturalfrequencies.)
On the other hand, the time taken to compute the pseudomodal
energies is 0.11 CPU seconds. Monte Carlo simulation with 1000
samples required 270 CPU minutes. All of the computations were
performedona Pentium200-MHzpersonalcomputerwith 32RAM.

VIII. Conclusions
The pseudomodal energies have been proposed and used to de-

tect faults in a simulated cantilevered beam and compared to the
modal properties by using SOFs and Monte Carlo simulation. The
pseudomodalenergies are, on average,found to be equally sensitive
to faults as the mode shapes. Furthermore, the pseudomodal ener-
gies are found to be more resistant to noise than the mode shapes.
Their resistance to noise is attributed to the calculationof the pseu-
domodal energiesby integrating the FRFs directly,which smoothes
out the zero-mean noise present in the FRFs. The real parts of the
pseudomodal energies are found to take into account the informa-
tion from high-frequencymodes, whereas the modal properties do
not. The pseudomodal energies are found to be at least 30 times
faster to compute and to be a better alternative to fault identi� cation
than the most widely used modal properties. When vibration data
from a population of cylinders are used, it has been observed that
the pseudomodalenergies are, on average,better indicatorsof faults
than the modal properties.

Appendix: Derivation
Expressions for pseudomodal energies are derived in detail in

terms of the modal properties. Furthermore, the sensitivities of the
pseudomodal energies are expressed in terms of the sensitivities of
modalpropertiesof Fox and Kapoor.5 In vibrationanalysis,mechan-
ical structurescan be excitedusing the modal hammer and vibration
response measured. If the discrete Fourier transform is applied to
the displacement response X.t/ and the excitation F.t/, then X.!/
and F.!/, respectively,4 are obtained. The X.!/ and F.!/ are the
displacement and force histories in the frequency domain. The re-
ceptance FRF Hkl .!/ due to the excitation at k and measurement at
l is de� ned as the ratio of the transformed displacement response
X.!/ to the transformed excitation F.!/ by

Hkl.!i / D
X l.!i /

Fk.!i /
(A1)
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The receptance FRF in Eq. (A1) is related to the mass and stiffness
matrices by4

[H .!/] D [¡!2[M ] C j![C] C [K ]]¡1 (A2)

The inertance FRF is de� ned as

RHkl .!i / D
¡!2

i X l .!i /

Fk.!i /
(A3)

The receptance FRF in Eq. (A1) may be written in terms of the
modal properties (natural frequencies, damping ratios, and mode
shapes) by using the modal summation equation4 by assuming that
damping is low as follows:

Hkl .!/ D
N

i D l

Ái
k Ái

l

¡!2 C 2³i !i !j C !2
i

(A4)

where the contribution of each mode is given by the natural fre-
quency !i and damping ratio ³i and Ái

k is the kth entry of the i th
normalized mode shape vector. These FRFs are transformed into
the pseudomodal energies de� ned as the integrals of the real and
imaginary components of the FRFs over various frequency ranges.
The RMEs are calculated as follows6:

RMEq
kl D

bq

aq

N

i D l

Ái
k Ái

l

¡!2 C 2³i !i !j C !2
i

d!

D
N

i D l

2Ái
kÁ

i
l j

4!2
i ¡ 4³ 2

i !2
i

arctan
¡³i !i ¡ j!

!i 1 ¡ ³ 2
i

bq

aq

D
N

i D l

Ái
kÁ

i
l j

!i 1 ¡ ³ 2
i

arctan
¡³i !i ¡ jbq

!i 1 ¡ ³ 2
i

¡ arctan
¡³i !i ¡ jaq

!i 1 ¡ ³ 2
i

(A5)

RMEq
kl ;p D

N

i D l

j

!i
Ái

k;pÁ i
l C Ái

k Ái
l;p ¡

j

!2
i

jÁ i
k Ái

l !i;p arctan
¡³i !i ¡ jbq

!i
¡ arctan

¡³i !i ¡ jaq

!i

C
jÁi

k Ái
l

!i

jbq!i;p

!2
i C .³i !i C j bq/2

¡
jaq !i;p

!2
i C .³i !i C jaq/2

(A11)

InEqs. (A5), aq and bq are the lower and the upper frequencybounds
for the qth pseudomodalenergy calculated from the FRF due to the
excitationat k and measurementat l. The advantageof this equation
is that the pseudomodal energies may be calculated directly using
any numerical integration scheme without having to go through
the process of modal extraction. When light damping (³ j ¿ 1) is
assumed, Eq. (A5) becomes

RMEq
kl ¼

N

i D l

Ái
k Ái

l j

!i
arctan

¡³i !i ¡ jbq

!i

¡ arctan
¡³i !i ¡ jaq

!i

(A6)

IMEq
kl D

bq

aq

N

i D l

¡!2Á i
k Ái

l

¡!2 C 2³i !i ! j C !2
i

d! D
N

i D l

Ái
k Ái

l ! C Ái
k Ái

l ³i !i j ¡!2 C 2³i ! j C !2
i C 2³ 2

i !2
i ¡ !2

i

Ái
k Ái

l d!

¡!2 C 2³i !i ! j C !2
i

bq

aq

D
N

i D l

Ái
kÁ

i
l .bq ¡ aq/ C ³i !i Á

i
kÁ

i
l j

¡b2
q C 2³i !i bq j C !2

i

¡a2
q C 2³i !i aq j C !2

i

C 2³ 2
i !2

i ¡ !2
i

Ái
k Ái

l j

!i
arctan

¡³i !i ¡ jbq

!i
¡ arctan

¡³i !i ¡ jaq

!i
(A12)

The sensitivityof the RME in Eq. (A6) with respectto any parameter
changes may be written in the following form:

RMEq
kl;p D

N

i D l

jÁ i
k Ái

l

!i i;p

Bq
kl C

jÁ i
k Ái

l

!i
Bq

kl; p (A7)

The results in Eq. (A7) assume that @³i=@gp D 0 and the term Bq
kl ;p

stands for @Bq
kl ;p=@gi , where

Bq
kl D arctan[.¡³i !i ¡ jbq /=!i ] ¡ arctan[.¡³i !i ¡ jaq /=!i ]

(A8)

The derivative Bq
kl ;p is calculated to be

Bq
kl;p D 1

1 C [.¡³i !i ¡ jbq/=!i ]2

£
¡³i !i !i;p ¡ .¡³i !i ¡ jbq/!i;p

!2
i

¡ 1
1 C [.¡³i !i ¡ jaq /=!i ]2

£
¡³i !i !i;p ¡ .¡³i !i ¡ jaq/!i;p

!2
i

D
jbq !i;p

!2
i C .³i !i C jbq /2

¡
jaq!i;p

!2
i C .³i !i C jaq/2

(A9)

jÁi
kÁ

i
l !i

;p
D j!i Ái

k Ái
l ;p

¡ jÁi
k Ái

l !i;p !2
i

D . j=!i / Á i
k; pÁi

l C Á i
kÁ

i
1; p ¡ 1 !2

i jÁ i
k Ái

l !i;p (A10)

When Eqs. (A8–A10) are substituted into Eq. (A7), the derivatives
of the RMEs with respect to parameter changes may be written as
follows:

Equation (A11) shows that the sensitivityof pseudomodal energies
is a function of the natural frequencies and mode shapes and their
respective derivatives. When the derivatives of the mass, damping,
and stiffness matrices using expressions given by Fox and Kapoor5

are substituted, Eq. (A11) gives the sensitivity of the RMEs in
terms of the mass and stiffness matrices, which are directly re-
lated to the physical properties. This shows that the pseudomodal
energies may be related directly to the physical properties of the
structure.

Some of the techniques that are used to measure the vibration
data measure the accelerationinstead of the displacement. In such a
case, it is relativelymore ef� cient to calculate the IMEs.6 The IMEs
are derived as follows:
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If damping is assumednegligible,(bq ¡aq/=!q ¿ 1, then Eq. (A12)
reduces to

IMEq
kl ¼

N

i D l

Ái
kÁ

i
l .bq ¡ aq/ ¡ !2

i

Ái
k Ái

l j

!i
arctan

¡³i !i ¡ jbq

!i

¡ arctan
¡³i !i ¡ jaq

!i

(A13)

When it is assumed that ³i; j D 0 and ³ 2
i ¿ 1, the derivative of the

IME is

IMEq
kl ;p ¼

N

i D l

.bq ¡ aq / Á i
k; pÁi

l C Á i
kÁ

i
l;p ¡ j!i;pÁi

k Ái
l arctan

¡³i !i ¡ jbq

!i
¡ arctan

¡³i !i ¡ jaq

!i

¡ j!i Ái
k;pÁ i

1 C Ái
kÁ

i
1; p arctan

¡³i !i ¡ jbq

!i
¡ arctan

¡³i !i ¡ jaq

!i

¡ j!i Á
i
kÁ

i
l

jbq !i;p

!2
i C 2³i !i bq j ¡ b2

q

¡
jaq!i;p

!2
i C 2³i !i aq j ¡ a2

q

(A14)
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